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ABSTRACT

Solutions of the Blasius boundary layer equation which account for
vaporization and combustion on a flat wall behind a normal shock are
presented. The solutions, which were obtained on an analog computer,
cover a wide range of shock Mach numbers and wall material-gas com-
binations. Coefficients of mass transfer, drag and heat transfer to the

wall are tabulated.
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NOMENCLATURE

constant defined by Eq. 7; scale factor (Fig. 2)
constant defined by Eq. 28

mean drag coefficient

mean heat transfer coefficient

mean mass transfer coefficient

specific heat at constant pressure

binary diffusion coefficient

Blasius function defined by Eq. 22

specific enthalpy

standard heat of formation per unit mass of species i
at temperature T

heat of reaction per unit mass

latent heat of vaporization per unit mass
setting of initial condition pots, see Fig. 2
coefficient of thermal conductivity
symbol for chemical species i

Mach number of normal shock

molecular weight

heat flux to wall per unit area per second
scale factor, see Fig. 2

Reynolds number

temperature

mass average velocity in the x direction (wall fixed
coordinates)

mass average velocity in the x direction (shock fixed
coordinates)

mass average velocity in the y direction
distance from shock along the wall

distance normal to the wall

mass fraction of species i

vi




a scale factor, see Fig. 2

B scale factor, see Fig. 2

Bi defined by Eq. 6

BT defined by Eq. 5

Y scale factor, see Fig. 2; also ratio of specific heats

i similarity parameter defined by Eq. 19

L viscosity

vi' stoichiometric coefficient for species i appearing as a
reactant

Vi" stoichiometric coefficient for species i appearing as a
product

p density

Tw shear stress at the wall

¢ fuel to oxidizer mass ratio

v stream function defined by Eq. 18

Subscripts

1 conditions upstream of shock

2 conditions in the convective flow outside the boundary
layer

f refers to the fuel species

o] refers to the oxidizer species

S refers to the shock

w conditions at the wall

vii



INTRODUCTION

It has recently been discovered that when a shock wave passes over
a layer of liquid fuel on the wall of a tube in an oxidizing atmosphere
that combustion takes place rapidly enough to reinforce the leading shock
wave1-4. That is to say, the combustion drives the shock wave in the
manner of a detonation. It appears that, initially at least, the combus-
tion takes place within the boundary layer behind the shock wave. While
this boundary layer is undoubtedly turbulent almost immediately behind
the shock, it is useful to develop a laminar analysis as a basis of compar-
ison with the necessarily less rigorous turbulent analyses. The solution
for the laminar case with appropriate assumptions can be obtained from
ordinary flat plate boundary layer theory.

The mathematical formulation of the laminar boundary layer on a
stationary flat plate in a uniform air stream was given by Prandtl in
1904 and the resulting differential equation was solved by Blasiuss.
Emmons and Leigh6 extended the formulation and solution of the Blasius
boundary layer equation for flow over a flat plate to include mass addi-
tion from the plate and combustion within the boundary layer. Mirels7
obtained the solution of the Blasius equation for the laminar boundary

layer behind a shock wave in a shock tube.



The present solution combines the aforementioned works in order
to study the laminar boundary layer on a plate with a thin layer of fuel
which is exposed to an oxidizing atmosphere and swept over by a normal
shock of constant strength. The model for the problem is shown in
Fig. 1. The analysis which leads to the Blasius equation with more gen-
eral boundary conditions than have previously been used is presented
along with the solutions. Coefficients of mass transfer, drag and heat
transfer to the wall may be obtained from the initial conditions. The
complete solutions are of interest for future analysis of the boundary
layer profiles.

The mathematical problem is formulated in a coordinate system

fixed with respect to the shock. However, the transfer coefficients
are defined in terms of the convective velocity relative to the wall.
The model for the problem is shown in Fig. 1 in a coordinate system
fixed with respect to the shock. The transformation from the labora-
tory coordinate x to the snock fixed coordinate X is given by x = u t - x
The velocity transformation between coordinates is u = u, - U

The following assumptions are made:

1. The flow is laminar, steady, at constant pressure and the

usual boundary layer approximations hold.




The Prandtl number is unity, the Schmidt number based on
binary diffusion coefficients for each pair of species is unity;
body forces, radiative energy transport, and thermal diffusion
are neglected.

pu/pohg =1

There is a one step chemical reaction of the form

N N
V"M, - v,"" M,
2 : i i 2: i i
i=1 i=1

The temperature of the vaporizing fuel is constant and equal
to the equilibrium boiling point temperature.

The properties of the external stream are constant.
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Fig. 1. Boundary layer model and coordinate system fixed
with respect to the shock.




FORMULATION OF THE BOUNDARY LAYER EQUATIONS

Under the above assumptions the boundary layer equations in the
form given by Williamss, which is referred to as the Shvab-Zeldovich
form, are:

Overall continuity,

—a% + By " 0 (1)
Momentum,
pﬁg—g+pvg—g=%(Ag—§-) (2)
Energy,
pu a:_ +pva‘;;‘=%<A-aéi—T> (3)
Continuity of
species
- 8,81 8,81 0 aﬁi
i () @
where



Y1
B = - " _ T (5)
T N ] m, (v,"" -v.")
' e
E hi m, (v v )
i=1
Yi Y1
.B- = "o_ N " _ 1 (6)
i mi(Vi Vi) ml(v1 vl)
=oD =y =X
AzoD;= k=g (7)

and index 1 may represent any particular species; however, it is con-
venient to have it represent the oxidizer.

In this formulation the reaction rate terms have been eliminated
at the expense of obtaining a complete solution for the temperature and
composition profiles. However, the velocity profile and the evaporation
rate of the fuel layer may be obtained without further loss of generality.
This formulation will be sufficient for our present purpose.

The boundary conditions for the energy equation are given by an

energy balance at the liquid layer as shown below.




_q_w (pv)w hW (gas)

‘ylf |
X T TT T LT T 7777
‘L /[ Liquid layer

Q (pv)W hW (1iq)

Since the thermal conductivity of liquids is comparatively low, the heat

flux through the liquid, Q, is neglected. The heat transfer to the liquid,

qw, is given by:
0 - -k-—-szlhl -

As discussed by Lees o , when the Lewis number is unity (where

Le = Sc/Pr), the second term on the right is zero and qw is independent
of the mechanism of heat transfer or the magnitude of the chemical
reaction rates. The boundary conditions for the energy equation are

then, aty =0, h = hw’ which evaluated at the equilibrium boiling

temperature of the fuel; and aty = 0,

kw <%)W - (pv)w hL

since h =hw(g)-hw(£). Aty=cw, h= h

L o which is given by the nor-

mal shock relations.



In terms of B, the boundary conditions for the energy equations are

aty =0, Bp = By (8)
w
N C h
o By du Py (pV)W L
- L " - —_— —-
aty=0, Zhi m, (4 - v )(ay “s(ay) K
i=1 w w w
at y=c, 'BT = BTZ (10)

Boundary conditions on the velocity are at y =, u= -62’ which is
given by tne normal shock relations; and at y = 0, u-= u, which is the
shock velocity. Also at y = 0, v must be determined by the vaporiza-
tion and moving wall conditions as follows. Since the energy equation
and the momentum equation have the same form, a particular solution
for the energy in terms of the velocity is given by the ""Crocco relation, "

Brp Bp Uy - Bp Yy

= — 1o+ —2 2 (11)
u, - u -u

N
n
[\
n

and differentiating,

_ 2 w|ou (12)

Substituting Eq. (12) into Eq. (9) it is seen that at y = 0, v must

satisfy the equation

(9)




N
o v _ 1] _ e 2
1{:1 h,” m, (vi 2 ) (BTz BTW) Uy u+u

= (13)

In order to solve the momentum equation the first step is to trans-

form the equation to incompressible form by applying the Howarth trans-

formation,
y
0
y
W=pv+af(a—.§)dy (15)
0

Then Eqs. (1) and (2) canbe shown to reduce to

u ow _

w=t3z°0 (16)
o, 0, 3 (17)
U3 Waz‘pz“zazz

Next introduce a stream function  and a similarity parameter 7,

Y=, p, Ky X £(n) (18)



Then,

n=% 2
2 Vpgy o X
=17 df
2 72dn

Py Ky

with the boundary conditions

10

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)




or substituting the definition of BT from Eq. (5) and denoting the free

stream oxidizer by the subscript o the expression for B becomes,

T2 TW -2 2
f u2 us -
hLB=f deT- deT+-—2—+-T-—u2uS
T° T°
N
Y hom (V'-V")
ozz i iti i
i=1
+ T (27)
m, (V' - v

The last term of Eq. (A. 27) may be rewritten as,
" N R
o v _ gt

E hi m, (vi v, )

] 18]
. - [mf (' - v )] i=1
T _ T T _ 5, 11
O2 mo (Vo voj mf zz)f Vf )

The first bracket is the fuel to oxidizer ratio, ¢, while the second
bracket is the heat of reaction, AH. Finally, assuming constant spe-

cific heats the expression for B reduces to

1 2
hLB-Cp T2—Cp TW+Y0 ¢AH+§u2

2 w 2

. (28)

11




The coefficients of mass addition, drag and heat transfer as a func-
tion of B and us/ﬁ2 may be obtained from the solution of the initial con-
ditions for f and f''. It should be noted that qw is related to TW by the
Reynolds analogy which holds rigorously under the assumptions pre-
viously listed. This can be shown as follows. Differentiating Eq. (5)

and equating it to Eq. (12) yields

oh ﬁ?.‘}_ Bp - By -
oy y 2 w | ou
U, - ug oy
S hlm (v -v")
i iti i
Substituting the definition of BT and rearranging,
N
_ 2 YOZh m (V'-Vi")
-EE+'1.—1-8—“—1--§{—l c T, +—2 . 2L
y y oy P, 2 2 m, (v."" -v.")
2
u _
- Cp TW - —2- 112 - us (30)
w
Since q, = - K (ah/ay)w, Eq. (33) becomes,
C T,-C_ T +l(ﬁ -u)2+Y ¢ AH
P, 2 p, W 22 S 0,
= - 31
qw Tw i, ~u (31)

12




Integrating q_W and T over x and dividing by §p Uy

X
f qw dx 2
0 “p Y2
- = C T,+—+Y ¢AH-C T (32)
Xpou, 2 P, 2 2 0, p, W
or,
C
_ D
Cy=-5 (33)
where the mean transfer coefficients are defined as,
X
f Py Ve dx
0
C,,=—— (34)
M xp2u2
x
J () &
“w oy
0 w
CD= §l - 3 (35)
2P2 %
X
Jo, &
0
CH = 5 (36)
_ U,
Xpgy U, sz T2+—§—+ Y02 ¢ AH - pr Tw

13




Next it is convenient to introduce a Reynolds number* defined

following Glass and Hall10 such that,

u 2
_P2 %
2 “2“2

X

Re (37)

The transfer coefficients may be expressed in terms of the Blasius

function by introducing Eq. (20), (21), and (39) into (33)-(35),

CM \/Re2 = - £(0) (38)
|f" (O)I
CDme—z- = Wﬁ (39)
c VR . " (0)] (40)
H 2" 20/, -1)

*This definition, which is slightly different than used in Ref. 3,
is the appropriate one for comparison to a stationary flat plate.

14




SOLUTION

The differential Eq. (22) with boundar y conditions (23, 24, and 25)
is to be solved. When u = B = 0 we have the original Blasius equations
for a stationary flat plate with no mass additions. When uS =0and B
is finite we have the Emmons' problem. And when B = 0 and ug is finite
we have the shock tube equations solved by Mirels. Since the differen-
tial equation is third order non-linear, the combined two parameter
set of boundary conditions necessitates that the problem be solved anew.
Because we have a two point boundary value problem in which the start-
ing conditions are not known explicitly for physically interesting cases
until the solution is obtained, the equations were solved numerically
on an analog rather than a digital computer. The University of Michigan
90 amplifier hybrid analog computer was used with the network shown
in Fig. 2. The computer was programmed to solve the equations repet-
itively so that the effect of varying the initial condition pots in order to
satisfy the solution at "infinity" was immediately apparent, and in this
manner boundary condition (25) could be obtained. The initial voltages
which were used on the integrating amplifiers and the appropriate scale
factors to achieve full scale deflections are shown in Table L

The results of the initial conditions which were obtained as solutions
to Eq (22) are shown in Table II. Also shown are the transfer coef-

ficients which may be obtained from the solutions. Twe ty-seven cases

15



were solved. Cases 1,2,3,10,16, and 22 were a repeat of previously
known solutions in order to provide a check on the technique. Four dif-
ferent velocity ratios (us/ﬁz), which represented shock Mach numbers

of 1. 58, 2, 24, 3. 16 and 5. 00 for a gas with a ratio of specific heats of

1. 4, were considered. At each velocity ratio the parameter B was varied
to cover a range of 0 to at least 70. For convenience f(0) and £''(0) are
plotted versus B for the various £'(0)'s in Fig. 3 and 4.

The output from the analog computer for each set of initial conditions
shown in Table II (cases 1-27) is compiled in Fig. 5. The time axes on
the recorder becomes 7, and the function f and its three derivatives are
recorded as a function of 5. The n scale is shown only for the first case
but can be determined for the other cases from the timing marker of the
recorder (i. e., the distance between marks is equivalent to An = 1). The
position of n = 0 is indicated by the discontinuity in slope of the curve.
The third derivative is shown to indicate the accuracy of the 37 segment

multiplier unit.

16
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TABLE L

SUMMARY OF THE CONSTANTS USED WITH THE

ANALOG CIRCUIT SHOWN IN FIG. 2

Case

1 2 3

1 1.5 1 }.7500 | .2000 1 -88. 53 0 0

2 1.5 1 ].7500 | .2000 1 - 9.473 0 10. 00

3 3 1 |.7500 } .4000 1 96.08 | 100.0 0

4 3 1 |.7500 } .4000 1 59.19 | 100.0 | 10.00

5 3 1 |.7500 | .4000 1 32.09 | 100.0 | 20.00

6 |1.5 1 }.3750 | .4000 1 30.09 | 100.0 | 30.00

7 1.5 1 |.3750 } .4000 1 19.10 {100.0 | 35.00

8 1.5 1 |.3750 } .4000 1 11.35 | 100.0 } 40.00

9 1.5 1 ].3750 | .4000 1 4,90 | 100.0 | 47.29
10 8 0.11].1333 1 . 6000 84.90 | 100.0 0
11 6 1 1 1 . 6000 27.80 | 100.0 | 50.00
12 6 1 1 1 . 6000 19.35 | 100.0 | 60.00
13 6 1 1 1 . 6000 12.95 | 100.0 | 70.00
14 6 1 1 1 . 6000 8.24 | 100.0 | 80.00
15 6 1 1 1 . 6000 5.08 [100.0 | 90.00
16 |12 0.11}.1500 1 . 8000 95.75 | 100.0 0
17 6 1 }.7500 1 . 8000 34.75 ] 100.0 | 50.00
18 6 1 }.7500 1 . 8000 21.50 |} 100.0 | 60.00
19 6 1 |.7500 1 . 8000 16.64 | 100.0 | 65.00
20 6 1 |.7500 1 . 8000 12.70 } 100.0 | 70.00
21 6 1 ].7500 1 . 8000 7.08 | 100.0 | 80.00
22 |20 0.1].2000 1 1 84.45 | 100.0 0
23 10 1 1 1 1 36.29 |100.0 | 40.00
24 |10 1 1 1 1 21.23 | 100.0 | 50.00
25 10 1 1 1 1 11.54 |} 100.0 | 60.00
26 10 1 1 1 1 5.80 | 100.0 | 70.00
27 10 1 1 1 1 4,00 |[100.0 | 75.00

18




TABLE II. SUMMARY OF INITIAL CONDITIONS SATISFYING THE
BLASIUS EQUATION FOR VARIOUS VALUES OF MS AND B

1 1A}

Casel -£(0) { £'(0)] -£'"(0) B MS CM vRe CD w/Re2 CH \/Re2
1 0 0 |-1.33 0 - 0 1.33 0. 67
2 |11.00{ O |-0.14 14, 2 - 1. 00 0. 14 0. 07
3 0 4 2. 88 0 1. 58 0 2. 88 1, 44
4 |11.00| 4 1,77 1.1 1. 58 1. 00 1.77 0. 885
5 12.00f 4 0. 96 4.1 1. 58 2. 00 0. 96 0. 48
6 1]3.00| 4 0. 45 13.3 1. 58 3. 00 0. 45 0. 225
7T 13.50] 4 0. 29 24. 2 1. 58 3. 50 0. 29 0. 145
8 |4.00| 4 0. 17 47,1 1. 58 4, 00 0. 17 0. 085
9 14.731] 4 0.073 1130 1. 58 4,73 0. 073 0. 037

10 0 6 6. 79 0 2. 24 0 3.40 1.70
11 |3.00]| 6 1. 67 7.2 J2. 24 3. 00 0.83 0. 41
12 |3.60| 6 1.16 12. 4 2. 24 3. 60 0. 58 0. 29
13 (4.20} 6 0.78 21.5 2. 24 4, 20 0. 39 0.19
14 }4.80| 6 0. 49 39. 2 2. 24 4, 80 0. 24 0.12
15 {5.40} 6 0. 30 72.0 2. 24 5. 40 0.15 0. 08
16 0 8 |11.49 0 3.16 0 3.83 1,91
17 14.00| 8 2. 08 11.5 3.16 4, 00 0. 69 0. 34
18 |4.801} 8 1. 29 22,3 3.16 4. 80 0. 43 0. 21
19 5.20] 8 1. 00 31.2 3.16 5. 20 0. 33 0.16
20 |5.60| 8 0.76 44,2 3.16 5. 60 0. 25 0.12
21 |6.40} 8 0. 42 91.4 3.16 6. 40 0. 14 0. 07
22 0 |10 1[16. 89 0 5. 00 0 4, 22 2.11
23 14.00 {10 3. 63 8.8 5.00 4. 00 0.91 0. 45
24 {5.00 (10 2.12 18.9 5. 00 5. 00 0. 53 0. 26
25 6,00 |10 1. 15 41.17 5. 00 6. 00 0. 29 0. 14
26 17.001{10 0. 58 96, 6 5.00 7.00 0.14 0. 07
27 [7.50 |10 0. 40 150 5. 00 7. 50 0.10 0. 05

19
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Fig. 4. Initial solutions of the Blasius equation: f£"(0) vs B
for various £'(0).
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DISCUSSION OF THE RESULTS

As indicated in Figs. 3 and 4, f(0) and ''(0) are very strong functions
of the thermodynamic parameter B and also, strong functions of the ve-
locity ratio £'(0). Increasing the enthalpy difference between the free
stream and the wall, and increasing the heat release within the boundary
layer cause f''(0) to decrease in magnitude towards zero and cause £(0)
to increase towards a finite limit. The curves for £'(0) = 0 represent the
solution obtained by Emmons and Leigh. As pointed out by them, increas-
ing B causes the boundary layer to increase in thickness until finally the
boundary layer is ""blown off, ' at which point £(0) approaches the limit of
1. 238. The effect of the shock fixed coordinate system is to extend this
limit.

As is well known, the effect of mass addition due to vaporization and
combustion on a flat plate is to greatly reduce the drag coefficient. The
boundary layer behind a shock also exhibits this behavior although to a
slightly less degree. The drag coefficient for the shock case is consider-
ably higher than for the stationary flat plate, for the same Reynolds num-
ber, however. For a B = 5, which is representative of vaporization
alone, the drag is reduced by a factor of 3, while for a B = 30, which is
representative of vaporization and combustion, the drag is reduced by
a factor of 10.

Referring to Fig. 5, the effect of mass addition is to increase the

thickness of the boundary, as evidenced by the fact that f' approaches

22




its asymptotic value at a larger value of n as £(0) is increased. The
effect of increasing the velocity ratio us/ﬁz, or equivalently Ms’ is to
reduce the boundary layer thickness. Also, the effect of increasing f(0)
is to cause an inflection of the boundary layer velocity profile. The
point of inflection may be located by observing the maximum point of
the f'' curve. The effect of increasing the velocity ratio us/ﬁ2 is to

suppress this inflection point.

23



Fig. 5. Solution of the Blasius equation for the 27 cases
listed in Table II. (Note: The initial conditions are held
until n = 0 where the solution starts. The position of
n = 0 is indicated by the discontinuity in slope of the
curves. The 7 scale is shown explicitly only for case 1,
but it may be determined from the timing markers at the
bottom of the page for the other cases. )
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